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Summary

The robust or model-free method for detecting linkage developed by Haseman and Elston for data from
sib pairs is extended to incorporate observations of multiple traits on each individual. A method is pro-

posed that estimates the linear function that results in the strongest correlation between the squared pair
differences in the trait measurements and identity by descent at a marker locus. The method is illustrated
by the study of apolipoprotein and cholesterol levels in individuals from a large family that had many

members diagnosed with coronary heart disease.

Introduction

Pleiotropism has been observed for many genetic dis-
eases in man. Often, only the consequences of altered
gene expression on a variety of traits are observable,
rather than the gene product itself. In this situation,
the presence of a major gene might be more easily de-
tected if observations about more than one trait are ana-
lyzed simultaneously. Similarly, methods for detecting
linkage between a marker locus and a major gene locus
may be more powerful if they use the information from
each of several traits that are affected by the same ma-
jor gene.

Although many major genes have pleiotropic expres-
sion, use of multiple observations for each individual
in linkage analysis has been difficult. Multivariate ad-
mixture and segregation analyses (Elston et al. 1975;
Namboodiri et al. 1975; Lange and Boehnke 1983) can
be performed by assuming that the data follow some
multivariate distribution and by directly finding the
maximum-likelihood estimates of the unknown pa-
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rameters. Alternatively, pedigree discriminant analysis
(Goldin et al. 1978; Zlotnik et al. 1983) can be used.
This technique seeks the linear function of several traits
that maximizes the likelihood of the data, when it is
assumed that segregation at a major gene locus pleio-
tropically affects these traits. Values of the linear func-
tion of the trait measures are assumed to have a known
univariate distributional form (e.g., normal, conditional
on major genotype). Both ofthese procedures will pro-
vide a function that can then be used to combine, or
score, the multivariate observations into univariate
measures that can be analyzed subsequently for link-
age to a marker. Pedigree discriminant analysis requires
fewer assumptions about the distribution of the mul-
tivariate data and is computationally faster because
fewer parameters need to be estimated. Nevertheless,
pedigree discriminant analysis can be cumbersome to
use because the appropriate likelihood may have many
local maxima; finding the function that gives the largest
likelihood can, therefore, be difficult. Techniques for
implementing both of these multivariate analysis meth-
ods have been based on the further assumption that
only a single major gene is segregating in the data.

Regressive models for segregation analysis (Bonney
1984, 1986) have recently been extended to allow joint
segregation and linkage analysis (Bonney et al. 1988).
The methods currently allow analysis of bivariate data,
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and possible linkage to a marker. Although these
methods show great promise for resolving the multivar-
iate effects of a single locus, data analysis methods in
which individuals have been measured for more than
two characteristics are currently unavailable. In addi-
tion, these methods require either explicit or implicit
assumptions about the underlying genetic model.
As an alternative approach, we show here how the

robust method of linkage analysis developed by Hase-
man and Elston (1972) can be extended to find a linear
function having the strongest correlation to marker iden-
tity by descent among sib pairs. The linear function
so derived can then be further analyzed as a univariate
trait. Advantages of the methodology we develop in-
clude computational rapidity and the possibility of de-
tecting linkage for traits with oligogenic inheritance,
through the simple extension from linear to multiple
linear regression (Bailey-Wilson et al. 1989). We first
describe the Haseman-Elston method and then show
how the approach can be generalized for multivariate
data. Finally, we illustrate this methodology by apply-
ing it to a study of lipid metabolism in a single large
pedigree.

The Haseman-Elston Method

Let Xij, the value of a trait measured on the ith sib
(i = 1,2) for the jth noninbred pair of sibs, be com-
posed of an overall mean, A, a major genetic effect, gij,
and an independent random effect, eij, that is normally
distributed with zero mean. Assume that the major gene
effect is due to a locus with two alleles which we shall
label A and a. We shall consider the model X,1 =
+ gi1 + eij, where

a if the ijth individual has genotype AA
i = d if the iyth individual has genotype Aa

-a if the ijth individual has genotype aa

Let lmj denote the proportion of genes (0, 1/2, or
1) that thejth sib pair shares identical by descent (ibd)
at a marker locus, let Imj denote the information avail-
able about ibd at the marker locus, and letfmlj denote
the probability that the sib pair shares one gene ibd.
Let Yj = (X11 - X2j)2, where X1j and X2> are the trait
values for the two sibs composing the jth pair, and let
the variance of the difference in residuals for the pair
be a2. Haseman and Elston (1972) showed that as long
as there is no major gene by residual (environment) in-
teraction, we have

E(YjIImj) = a + IOtmj + yfmij v (1)

where ftmj and fmlj are, respectively, estimates of ltmj
and fmij. The coefficient y was shown, by Blackwelder
(1977) using simulation and by Amos et al. (1989) the-
oretically, to be generally negligible. Letting 0 denote
the recombination fraction between the trait and marker
loci, the coefficient 13 is negative if 0 < .5 and the addi-
tive genetic variance is greater than zero (a ¢ 0). Black-
welder and Elston (1982) showed that for sib pairs the
ratio of the estimate of 13 to its standard error is asymp-
totically distributed as a standard normal variate, so
that a one-sided test of linkage can be obtained by com-
paring this statistic with the appropriate t distribution.
Haseman (1970) showed that for oligogenically influ-
enced traits a valid test for linkage can be obtained by
testing for a negative regression of the squared pair
differences separately on to the proportion of genes ibd
at each of several marker loci. Blackwelder and Elston
(1982) showed that neither departures of the residual
variation from the specified normal form nor noninde-
pendence of the sib pairs greatly alters the properties
of the test statistic. The interpretation of equation (1)
is that the variability between a pair of sibs can be
linearly modeled as a function of the genetic compo-
nent of variance and the recombination fraction between
the trait and marker loci.

The Multivariate Model

We now consider an extension of the Haseman-Elston
approach for multivariate traits. Assume that p traits
are studied on each of n sib pairs. Let Xijk = 4tk +
g9i + eijk, where Xijk is an observation on the ith (i
= 1,2) individual of the jth pair ( = 1,2, . . . n), for
the kth trait (k = 1,2, . . . p). Assume that individuals
may have one of three genotypes-AA, Aa, and aa-
with effects:

r ak if the ijth individual has genotype AA
9ijk+ i dk if the ijth individual has genotype Aa

-ak if the ijth individual has genotype aa .

The covariances among the traits need not be zero. We
shall assume that the pairs are independent (or at least
that Cov(eijketu,) = 0 for all i, k, t, w, when j #u).
We wish to determine the linear function that max-

imizes the correlation between the squared sib-pair
difference and itmj. That is, assuming a linear model
of the form
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[C1(Xljl -X2jl)+C2(X2jl -X2j2) +
+ cp(Xljp -X2jp)]2 = a + PACmj + £j (2)

we must find the values of the coefficients Ck that max-
imize the relationship as measured by the significance
of the estimate A. Each of the trait pair.differences has
an expected value of zero, and by the law of large num-
bers, in large samples, the mean of the trait pair differ-
ences is zero. Thus, in large samples, the function ob-
tained is the linear function that maximizes the linear
regression of the variability between pairs of sibs on
identity by descent at a marker locus. Assuming with-
out loss of generality that E(Fj) = 0, expanding the
left hand side of equation (2), and taking expectations
of both sides, we have

P p p-i
E[Ck2(Xljk -X2jk )2] + E[Z Z 2ChCk

k h< k
(Xljk-X2jk)(Xljh-X2jh)] = a + 13tmj . (3)

We may now apply standard multivariate regression
analysis methods (Anderson 1984; Seber 1988). To cal-
culate the test statistic, let Y denote the n x (p2 +
p)/2 matrix of all squares and cross products among
traits of the pair differences. Let *t denote the n x 1
vector of estimates of the proportion of genes ibd at
the marker locus for the n sib pairs. Let Sit be an esti-
mate of the covariance matrix of rows of Y, let S12 with
transpose S21 be an estimate of the vector of covari-
ances between the rows of Y and *; and let S22 be an
estimate of the variance of *. In other words, Sit, S12,
S21, and S22 are the elements of the covariance matrix
of the rows of [Y:In]:

LSi S12Cov(Y,*) = S21 S2

Letting 1 be an n x 1 vector of 1's, letting *t be the
mean of *t, and letting Y be a 1 x (p2 + p)/2 mean
vector (over j) of (Xljk -X2jk)(X1jh -X2jh), one finds
that the formulas for S14, S12, S21, and S22 are

1 _Sii = n-1[(Y-1Y)'(Y-1Y)]

S12 = nf1[(Y-1Y)'(*c-1f)], S21 = S12

S22 =-1[(*-1f)'(*-1*)] = Var(*).

Finally, let Qh = S12S22- 1S21 be the hypothesis sum-

of-squares matrix and let Qe = Sn1 -512S22S21 be the
error sum-of-squares matrix for testing the null hypoth-
esis that 13 = 0. By employing the arrangement of the
data given by equation (3), the model specified by equa-
tion (2) is the usual multivariate regression problem,
except that we have imposed some additional con-
straints. We may obtain the linear function that max-
imizes the regression of the multivariate data on the
estimates of the proportion of genes ibd by numerically
finding the linear function d that maximizes the ratio:

max d'Qydr= d d'Qed (

given the arbitrary restriction that d'd = 1, and with
the additional constraints that (1), for the first p ele-
ments of d, di = ci(i.e., di > 0, for 1 KiQp) and (2),
for the last p(p-1)/2 elements of d, di = 2 CkCh
[p<i<p(p+1)/2], where k and h are indices for the cross
products among traits of the pair differences of equa-
tion (3). In the Appendix we show that if the first p
constraints are relaxed, then, asymptotically, (n-p-1)Ip
times the value of this ratio of quadratic forms is dis-
tributed as an F distribution having p and n - p -
1 df. If the first p constraints are kept in the model,
then the critical value obtained by comparison with an
F distribution with the appropriate df must be conser-
vative. Thus, in large enough samples, a conservative
test of no significant regression of a linear function on
the proportion of genes ibd can be obtained from the
F statistic obtained from equation (4). Because we are
only concerned with the one-sided test of no negative
regression as expressed by equation (3), the F statistic
obtained from equation (4) should be compared with
the critical value from an F distribution with the ap-
propriate df by using half the usual nominal value.
The value of the canonical correlation between the

dependent observations and the proportion of genes
that the sib pairs share ibd can be derived from the statis-
tic r given by equation (4). According to the method
of Seber (1988, p. 526 if), r is the solution of the eigen-
value problem (Qe, 1'Q)d = rd. As shown by Ander-
son (1984), the canonical correlation, R, can be ob-
tained from the eigenvalue r by the transformation R
- V/r/(1+r).

Application to a Large Pedigree

Rosenbaum et al. (1986) described a large pedigree
that included members with an adverse lipoprotein
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phenotype which predisposed individuals to coronary
artery disease. The pedigree, consisting of 200 sam-
pled individuals, was ascertained through a child, seen
as a participant in the Bogalusa Heart Study, whose
mother was concerned by a high prevalence of heart
disease on both sides of the child's family. Of the ex-
amined individuals, six were survivors of one or more
myocardial infarctions (MI) and an additional 15 had
heart disease. Previous analyses (Amos et al. 1987),
using log-transformed variates, showed evidence for
segregation of major gene(s) affecting levels of high-
density lipoprotein cholesterol (HDL-C), apolipoprotein
B (apo B), the residuals from the regression of HDL-C
on apolipoprotein Al (apo Al), and residuals from the
regression of low-density lipoprotein cholesterol (LDL-
C) on apo B. Pedigree discriminant analysis (Amos et
al. 1986) of HDL-C and LDL-C levels and other en-
vironmental covariates suggested that a major gene
affecting the ratio of HDL-C to LDL-C segregates in
this pedigree. Analysis using maximum-likelihood link-
age methods (Amos et al. 1987) showed evidence for
linkage, with a lod score of 1.72, between haptoglobin
and a linear function that was obtained from the
coefficients of the regression of log HDL-C on log Al
and that was essentially the ratio of HDL-C to apo Al
(on the untransformed scale).

In the current study we apply the methodology de-
scribed above to the marker-locus haptoglobin and to
the traits HDL-C, LDL-C, apo Al, and apo B levels.
The values of these four variables were first loge trans-
formed, adjusted statistically for effects attributable to
age, sex, and cigarette, alcohol, and oral contraceptive
use (as indicated by Amos et al. (1987)), and stan-
dardized by dividing by their SD prior to multivariate
analysis. The linear function maximizing the correla-
tion with identity-by-descent sharing for haptoglobin
was obtained for each of the possible combinations of
two, three, and four variables. The values of the F statis-
tic formed from the ratio of the hypothesis sum of
squares to the error sums of squares was used to select
the best linear function of two, three, and four variables.

Results from Application to an
Extended Pedigree

After loge transformation and covariate adjustment,
the values of the SDs were .159 for apo Al, .250 for
apo B, .357 for HDL-C, and .255 for LDL-C. (These
SDs are slightly different from those given by Amos et
al. [1987] because the values for the six individuals who
had suffered an MI were included in the calculation of

the SDs in the present analysis but were not included
in the former analysis.) Results from all multivariate
analyses refer to the standardized variates. For the pur-
pose of using the robust linkage methods, the pedigree
provided 108 sib pairs on whom data were available
for both the marker and traits.
The linear functions, their canonical correlations, and

the values of the F statistics from the univariate and
multivariable regressions on ibd for haptoglobin are
presented in table 1. Of the two-variable functions, the
linear function of HDL-C and apo Al had the strong-
est relationship with ibd at the haptoglobin locus. Since
apo Al and HDL-C values were log transformed prior
to analysis, values of this linear function indicate that
approximately the log of the ratio of apo Al to HDL-C
maximizes the relationship with ibd for haptoglobin.
Of the functions incorporating three variables, a linear
function of apo Al, HDL-C, and LDL-C was found
to have the strongest relationship with ibd for hap-
toglobin. Exponentiation of this linear function indi-
cates that approximately the square root ofLDL-C times
the ratio of apo Al to HDL-C (i.e., [HDL-C/apo Al]
x V LDL-C) maximizes the relationship to ibd for hap-
toglobin. Inclusion of apo B values into the function
had little impact on the strength of the relationship,
as seen by the small coefficient for apo B in the last
line of table 1 and by the lack of an increase of the
canonical correlation when apo B levels were included
in the analysis. For each of the derived variables, indi-
viduals with high values are at increased risk for car-
diovascular disease, as they would have lower HDL-C
levels or less cholesterol per HDL particle. For the lin-
ear function incorporating LDL-C levels, individuals
with high measures also tend to have higher LDL-C
levels, putting them at further increased risk for car-
diovascular disease. Segregation analysis of the three-
variable function (results not presented) showed evi-
dence for a recessive major gene having a gene frequency
of .166, which results in high levels of this linear
function.

Discussion

We have developed a method for combining and using
multiple observations of related traits for each individual
in a study. This methodology has been developed with
particular emphasis on quantitative traits. The method
could also be applied to the study of qualitative traits
or to mixtures of qualitative and quantitative traits,
provided that the resulting linear function is approxi-
mately continuously distributed. Because the method
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Table I

Results for the Regression on ibd for Haptoglobin of Standardized Log. HDL-C, LDL-C,
Apo Al, and Apo B Levels and of Linear Functions of These Variables Derived
from Multivarlate Analysis

No. of Variables and Linear Function RI F Statistic df

1:
Apo Al ................................................... .126 1.70 1,106
Apo B .................................................... .000 .00 1,106
HDL-C .................................................... .224 5.62 1,106
LDL-C ..................................................... 003 .11 1,106

2:
(.798)Apo Al + (.464)Apo B .................... .168 1.53 2,105
(.659)Apo Al - (.618)HDL-C .................... .296 5.04 2,105
(.877)Apo Al + (.357)LDL-C . ................................ .140 1.05 2,105
(.161)Apo B - (.974)HDL-C . ................................. .228 2.89 2,105
(.301)Apo B - (.911)LDL-C . ................................. .003 .05 2,105
(.897)HDL-C - (.326)LDL-C ................................. .232 2.99 2,105

3:
(.678)Apo Al + (.252)Apo B - (.530)HDL-C. ................... .312 3.77 3,104
(.822)Apo Al + (.433)Apo B + (.019)LDL-C . ................... .168 1.01 3,104
(.621)Apo Al - (.528)HDL-C + (.351)LDL-C. ................... .327 4.16 3,104
(.161)Apo B - (.974)HDL-C + (.016)LDL-C. ................... .228 1.91 3,104

4:
(.579)Apo Al - (.024)Apo B - (.504)HDL-C + (.343)LDL-C ....... .327 3.09 4,103

a Estimate of canonical correlation.

is computationally rapid, selection procedures can be
easily implemented for choosing the best variables for
incorporation into the linear function. In the example,
we studied all possible combinations because we were
working with relatively few variables. For studies in-
volving more trait observations per individual, a for-
ward selection procedure could be used in which vari-
ables are selected on the basis of the greatest change
in the R statistic. Alternatively, a step-down procedure
in which variables are sequentially removed from a full
model incorporating all of the traits can be imple-
mented. The advantage of this type ofprocedure is that
it allows for the multiple testing problem inherent in
testing all possible combinations of variables, by first
assessing evidence that any linear function of the de-
pendent variates is correlated with identity-by-descent
sharing at the marker locus. In the current example,
the overall test for a significant correlation between
identity-by-descent sharing for haptoglobin and the set
of all possible linear functions of the four traits has
an F value (3.09) that, compared with the F distribu-
tion with four and 103 df, is significant at the .01 level
(we use half the nominal level, since we are considering
a one-sided test of the regression coefficient). In our

example, incorporation of apo B levels had no effect
on the canonical correlation. Similarly, in other studies,
these methods could be used to exclude variables hav-
ing little or no impact on the resolution of linkage.

In the current study, on account of rather small sam-
ple size we should be cautious in assigning significance
levels to the values of the F statistic that were obtained
from the analyses. One can note, however, that values
ofthe test statistic for the two- and three-variable func-
tions are nominally significant at the .005 significance
level, while the most significant univariate F test is nomi-
nally significant at the .01 level, suggesting that these
multivariate functions are more strongly correlated to
identity-by-descent sharing than is any single variable.
In the univariate case, the test is identical to a t test,
and Blackwelder (1977) found that critical values from
the Student's t distribution were approximately valid
for testing the hypothesis of no significant regression
in this situation in samples as small as 50 sib pairs.
We can generate the multivariate test from the univari-
ate test by application of the union-intersection princi-
ple; thus, the convergence of the test statistic to an F
distribution should also be rapid. Future simulation
studies will be helpful in assessing what sample sizes
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are needed in order to be assured that critical values
from an F distribution with the appropriate df are not
anticonservative.

Although other linkage analysis techniques such as
the maximum-likelihood (e.g., LOD) method can be
applied to the scores obtained from the linear function
derived by application of this extension of the Haseman-
Elston approach, the significance levels from such an
approach would not be the same as those obtained from
using a single univariate trait. Use of LOD scores in
this setting would be appropriate for describing the data
or to suggest evidence for linkage between the traits
and the marker, but the critical values of the significance
test would need to be adjusted. In any case, some type
of adjustment should be made to the critical values when
testing multiple traits with a single marker. Use of a
cross-validation approach (Goldin et al. 1978) would
assure that univariate significance levels are valid. To
apply cross validation, the data are separated into two
parts, a linear function is derived in one part, and then
the data of the other part are scored with this function
for subsequent maximum-likelihood segregation and
linkage analysis. Cross validation assures that the criti-
cal values from performing a single univariate test are
valid in the multivariate setting.

Robust methods for linkage analysis using multivar-
iate data could also be formulated from an analysis-of-
variance approach (Lowry and Schultz 1959; Jayakar
1970; Hill 1975; Smith 1975), but these methods use
identity-by-state sharing and would have low power un-
less highly polymorphic markers are studied (Risch
1990). Chevalet et al. (1984) proposed a method for
linkage analysis based on the covariance among rela-
tives, conditional on their identity-by-descent sharing,
a method which could be extended for studying mul-
tivariate traits. In the univariate case, his method is com-
putationally more demanding than the Haseman-Elston
method, as it requires obtaining maximum-likelihood
estimates.

Results from this study are consistent with the hy-
pothesis that, in this family, a locus near haptoglobin
affects lipoprotein levels. Individuals with high values
for this trait would have poor reverse transport of cho-
lesterol from tissues to the liver, since they would have
cholesterol-poor HDL particles and high levels ofLDL-C.
This finding has interest in light of the linkage between
haptoglobin and a major gene resulting in lecithin:cho-
lesterol acyltransferase (LCAT) deficiency (Teisberg et
al. 1975; Alberg and Uttermann 1981). Because per-
sons with LCAT deficiency cannot transfer cholesterol
from tissues to the HDL particle, they have protein-

rich, cholesterol-poor HDL particles (Glomset et al.
1983). Evidence has been presented that the choles-
terol ester transfer protein (CETP) is located very close
to haptoglobin (Lusis et al. 1987) on chromosome 16.
Variability in expression ofCETP would lead to altered
levels of HDL-C (Faust et al. 1989). There is a need
for further analyses of other large pedigrees and, for
this pedigree, of the LCAT gene and other genes lo-
cated near haptoglobin.

There are some limitations in the data that were ana-
lyzed. Although haptoglobin was informative in this
pedigree, for relatively few of the sib pairs could com-
plete information on identity-by-descent sharing be de-
rived. Inclusion of information on alleles of haptoglobin
that are determined by RFLP analysis (Kidd et al. 1986)
would have improved our ability to discern iden-
tity-by-descent sharing at this locus. Data on many of
the parental genotypes were not available, further re-
stricting our ability to resolve identity-by-descent shar-
ing among the sib pairs.
The method we have developed in the present study

estimates a linear function of multivariate-trait obser-
vations having the strongest relationship to identity by
descent at a marker locus. This method is computa-
tionally rapid and provides an objective method for
finding a linear function of multivariate data for subse-
quent segregation analysis. It does not use all of the
available information, because only data from sib pairs
are analyzed. For pedigree data, as in the example that
was studied, maximum-likelihood segregation and link-
age methods could be directly applied. However, this
requires simultaneously estimating a linear function of
the trait values, a recombination fraction, and the segre-
gation parameters. Although such an approach may be
possible for bivariate data, it is not likely to be practical
when several traits are considered, because of numeri-
cal difficulties. An approach that should avoid some
difficulties in optimization but would use all available
pedigree data can be developed using a three-step pro-
cess. First, using all of the sib pairs, one would apply
our extension of the Haseman-Elston method for mul-
tivariate data. The linear function so obtained could
then be used to estimate trait-related parameters in segre-
gation analysis using all of the pedigree data. Finally,
these segregation analysis parameters could be used in
maximum-likelihood linkage analysis to obtain a lin-
ear function maximizing linkage between the traits and
the marker. Although this approach would allow use
of all of the data, it would lose the robust properties
of the Haseman-Elston approach, and so the estimates
would again become influenced by departures from the
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underlying genetic assumptions. For instance, it is not
clear what linear function would result from such an
analysis if the traits are affected by multiple, unlinked
loci. Also, as has been noted above, a LOD score of
3 would not define the same critical region in the mul-
tivariate context as it does in the univariate case. The
methodology we have developed provides a means of
using multivariate data to obtain (1) a test of no rela-
tionship between a marker and set of multivariate traits
and (2) a linear function maximizing the relationship
between variability among sibs and identity by descent
at the marker locus.
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Appendix
In this appendix we develop a test for significance of
the multivariate regression of the squared linear func-
tion of trait differences on the proportion of genes ibd
given in equation (2). Assume the linear model expressed
by equation (2), which we express in matrix notation as

[c'Xj]2 = a + Rjt1 + F,, (Al)

where c' is a 1 x p vector of constants and where Xj
represents the p sib-pair differences for thejth sib pair,
i.e., Xj = [(X1l1 -X21), (X132 -X2j2), ... , (X1lp -X2jp)].
We may assume without loss of generality that EXj =
0. If this is not the case, we may linearly transform the
model given by equation (Al) to satisfy this condition
by subtraction of a vector of means from Xj; this
affects only the intercept term of the model.
We now transform the left-hand side of equation (Al)

so that we work only with uncorrelated variables. As
shown by Anderson (1986) and others, there exists an
orthonormal linear transformation A (of dimensions
p x p in this case) such that the columns of the product
AXj are orthogonal. Since A is orthonormal we have
AM = L We now transform the left-hand side of the
model given by equation (Al), using the transforma-
tion A to obtain [c'AA'Xj]2 = a + ftj + sj. Letting
w = c'A and U, = A' Xj, we may rewrite this expres-
sion as

[w'Uj]2 = a + Itj + S. (A2)

In the terms of equation (2), we have

[wi(Uil-U2jl)+W2(Ulj2-U2jl)+ * * * +

Wp(Uijp-U23p)]2 = a + fcA3 + F. (A3)

Expanding equation (A3) and taking expectations as
in equation (3), we have the model

E W2 (Uljkk-U2jk )2] = a + *4j3
k = l

The sum of the cross products are all zero because the
columns of AXj are orthogonal. For the jth pair, we
shall denote the vector of squared pair differences of
the U's as Uj"
Now, as long as we allow estimates of the coefficients
k to be negative and make the further assumption

that Uj/ has a multivariate normal distribution, a
statistic for testing that D is different from zero can be
obtained by standard application of the union-
intersection approach (e.g., see Seber 1988). If we let
ao be any p x 1 vector, a test for no correlation between
dependent and independent variates of the model
cO'W = a + I3*j can be obtained. If we define Qhand
Qe to be as Qh and Qe in the text but substitute U*
in place of Y, then, for a given co, (n-2)(oQh(i Q

r

is distributed as an F with 1 and n - 2 df. If we apply
an arbitrary constraint that ()'Qe0) = 1 and then max-
imize over 0), a union-intersection test statistic can
be obtained. The test statistic [p/n-p-l)] max
[0)'Q(i)/'Qe(O)] is distributed as an Fp~npl- variate
(Seber 1988). By design of the model, the Uj do not,
however, follow a multivariate normal distribution.
However, in large enough samples, the robustness that
the F statistic has against nonnormality, when one tests
the hypothesis of no significant regression, applies.

Use of constraints to require that each element of
0) be positive can only result in the same or a smaller
value of the ratio of the hypothesis sum of squares to
the error sums of squares. Thus, for testing the null
hypothesis of no relationship between the dependent
traits and identity-by-descent sharing for a marker, the
use of an F distribution to form the critical region of
the statistic is conservative. In summary, in large enough
samples, the test statistic given by equation (4) can be
compared to an F distribution with the appropriate df.
The resulting test of significance is, at worst, conserva-
tive whenever the constraints implied by the model given
by equation (2) are employed.

Finally, it should be noted that in practice it is a sim-
ple matter to transform Xj to Uj and then obtain the
maximizing coefficient vector 0) as the characteristic
vector corresponding to the largest characteristic root
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of Qe- iQA. if all the elements of this vector are posi-
tive, then we immediately have real solutions to wj =
03k, and the resulting ±wk can be used to obtain the
desired Ck. It is, however, necessary to determine, for
each coefficient, whether +Wk or -Wk leads to a
maximum.
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