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ABSTRACT 

Arguments have been presented for the appropriateness of a multinomial 
Dirichlet distribution for describing single-locus gsnotypic frequencies in a 
subdivided population. This distribution is defined as a function of allele fre- 
quency, the average (over the entire population) inbreeding coefficient and 
the correlation between genotypes within a subdivision. Alternative para- 
meterizations and their genetic interpretations are given.-We then show how 
information from a sample drawn from this subdivided population, in the ab- 
sence of pedigrees, can be combined with the multinomial Dirichlet model to 
form a likelihood function. This likelihood function is then used as the basis 
for estimation and testing hypotheses concerning the genetic parameters of 
the model. Comparisons of this approach to the alternative procedure of 
COCKEXHAM (1969) and (1973) are made using human data obtained from 
Tecumseh, Michigan and Monte Carlo simulations.-Finally, implications of 
these results to statistical inference and to mutation rates are presented. 

HE evolution of sexually reproducing organisms is determined in part by 
the pattern of genetic differentiation among subdivisions of the population. 

This pattern, in turn, is influenced by the size of the subdivisions, the degree of 
migration among them and differences in the mode of selection in different parts 
of the range of the population. Within each subdivision, the mating pattern and 
differential selection among genotypes contribute to the deviation from Hardy- 
Weinberg proportions. At any point in time, the effects of the combined opera- 
tion of these causative forces have been alternatively described by the variance 
of allele frequencies among subdivisions ( WAHLUND 1928), the correlation be- 
tween alleles or genotypes within o r  between subdivisions ( WRIGHT 195 l ), and 
the probability of identity by descent (MALECOT 1948) of alleles in an individual. 
COCKERHAM (1973) argues that in the absence of pedigrees a realistic treatment 
of subpopulations must consider the general correlational definitions introduced 
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by WRIGHT. In this paper we present a theory based on the maximum likelihood 
principle for making statistical statements about the correlation between alleles 
within and between individuals and the correlation between genotypes within 
subdivisions of a population. We have no intent to evaluate the relative roles of 
alternative forces which may lead to the structure of the population. A likelihood 
is presented for the distribution of genotype frequencies among subdivisions for 
a locus with two codominant alleles under the assumptions of no selection, no 
migration, and subdivision of a population into finite subpopulations at some un- 
determined time in the past. We will make the necessary assumption that every 
subdivision contributes equally to the total differentiation of the parental popula- 
tion and that there is no correlation of gene o r  genotype frequencies between 
subdivisions. 

THE LIKELIHOOD MODEL 

The definitions of means, variances, and covariances computed from a sample 
coupled with the sampling assumptions inherent in a genetic study are clearly 
insufficient to completely specify a likelihood. Because the sampling theory ap- 
proach does not require a likelihood function it has been the method of choice by 
COCKERHAM (1969, 1973) to estimate correlations between allele frequencies 
both within individuals and between individuals in a subdivided population. On 
the other hand, the advantages of using the likelihood principle rather than a 
sampling approach have been discussed by a number of authors (for a review see 
EDWARDS 1972). In particular, if the model used to construct a likelihood is a 
good approximation to reality, additional information about the parameters of 
interest may be extracted from the data. And, although the underlying set of 
assumptions necessary to derive a likelihood may not be met in practice, experi- 
ence has shown that a useful distribution need only accurately describe the 
measurable outcome of the process of interest. 

Consider the hth subpopulation of Nh individuals categorized according to their 
genotype at a codominant locus with two alleles, A and a. Let T h l ,  Th2, and TR3, 
respectively, denote the actual number of AA,  Aa,  and aa individuals in this sub- 
population such that Thl + Th2 + T,, = Nh. Set the variable 

1 if individual i is A A  
'/2 if individual i is A a  
0 if individual i is aa 

Yi  = 

for all i, ( i  = 1,2, . . . , N h )  of the hth subpopulation. If the ancestry of each in- 
dividual is unknown it is reasonable to assume that the joint distribution of the 
sample of size n h  from deme h (denoted Yil, Y i z , .  . . , Y i n h )  is the same as the 
joint distribution of any other sample from the hth subpopulation (say Y k l ,  Y k 2 ,  

. . . , Y k n h )  where 1 5 nh I Nh. This implies that the Yi from subpopulation h 
are finitely exchangeable. Consequently. (see DEFINETTI 1959) if a sample of 
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size n h  is drawii from this subpopulation, the probability of the sample may be 
written 

where t h l ,  t h2 ,  and t h ?  are the number of AA, Aa, and aa, respectively, where 
t h l  + tik2 -k tlt3 = nll, and where the sums are taken over all allowable T h i ’ s  in ( 1 ) .  
The special case of sampling n h  from N ,  without replacement is obtained when 
Th,, T h 2  and T h 3  are regarded as constant parameters and not random variables 
as in ( 1 ) .  In this case ( 1 )  reduces to the standard hypergeometric distribution 
with random variables thl and t h 2 ;  

where T h l  + Th2 + Th3 = Nh. In  general Thl and TIk2 are also random variables 
which reflect the stochastic effects of subdivision of the parental population into 
subpopulations as well as the random fluctuations of genotype frequencies within 
a subpopulation over generations since the subdivision. 

One of the simplest models that yields a realistic distribution for T h l  and TI,, 
involves the following assumptions. First, assume an infinitely large population 
characterized by the allele frequency for A as p .  Second, the correlation between 
alleles within an individual averaged over the entire population is F. The rela- 
tionship between these two parameters is such that the frequency of AA, Aa and 
aa individuals in this large reference population is 

P, = f ( A A )  = p 2  + pgF, 
P2=f(Aa)  = 2 p q ( l  - F),  

and P, = f (aa)  = q2 f pqF,  respectively. 

The hth subdivision is created by drawing Nh individuals at randomm and inde- 
pendently from one another from this infinitely large population. The resulting 
distribution of Thl and Th2 is the usual multinomial 

which is an unrealistic model since, in practice, individuals are not drawn inde- 
pendently from one another to form the hth deme. For example, studies of the 
South American Indians (NEEL 1967) indicate that villages result from sub- 
division along familial lines. To construct a likelihood model that incorporates 
correlation between genotypes within a subdivision we can let the first individual 
in the hih population be drawn at random such that 
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for the genotypes AA, Aa, and aa, respectively. In general, for the ith draw the 
respective probabilities are 

ph3i = 1 - phli - ph2i 7 

given that i - 1 individuals have already been drawn for the subpopulation and 
Thli-l of these were AA while TtlZi-' were o f  the Aa genotype. Under this sampling 
procedure the correlation between the genotypes of any two individuals in the 
hth subpopulation is p. The distribution of Th, and Thz for such a situation takes 
the form 

'hi-' pK f 
K=O Kf+ (I-,,) L=O 

( 1-p)  'hz-' p L  + Pz ( 1 - p )  Nh-TI1liT 112 -' pk!fP3(1-p) 
rI II rI ( 4 )  

By considering the parameter 0 = ( 1  - p ) / p ,  equation (4) can be rewritten as 

L p +  (1-p) M=o MfJ + ( 1 7 )  

where the corresponding factorials utilized to compute ( 5 )  are taken to be the 
equivalent gamma function. Under this parameterization, 0 represents the force 
of attraction between successive draws of Y i  to form the hth subpopulation. The 
multinomial in P,, P2 and P, may be obtained by letting 0 + ~  (or equivalently 
p+O) as 

in which case successive Yi for the hth subpopulation are sampled without corre- 
lation and ( 6 )  reduces to the multinomial given by (3) .  

The distribution described by ( 5 )  is knolwn as the multinomial Dirichlet (MD) 
which can be derived by mixing a multinomial with a Dirichlet distribution. 
(See JOHNSON and KOTZ 1969 for the details on the mixing operation.) This 
latter fact suggests that an essential difference between the model that yields a 
multinomial in Thl and Th2 and the model that yields a MD is that the proba- 
bilities of drawing individuals with certain genotypes are constant for the multi- 
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nomial but are random variables in the MD case. An alternate way of modeling 
this process is to assume once again that the distribution of Thl and Th2 given 
P,, P,, and P3 is the multinomial given by (6) but that this distribution is now 
mixed with the hypergeometric sampling distribution given by (2). We then 
obtain the multinomial 

However, here we no longer consider the P’s to be constants but instead random 
variables whose values are determined by a Dirichlet distribution which is 
influenced by the nature of the subdivision process. A mixture of the multinomial 
given by (7) with the Dirichlet yields an MD form for equation ( 1 ) .  It is 

where the Pi values now represent the mean of the random variable P, given in 
( 7 ) .  Equation (8) rcpresents the mixture of the three distributions, the hyper- 
geometric sampling distribution, the multino”ia1 for Thl, Th2 and Ths, and the 
Dirichlet which incorporates the reality of subdivision represented by (p. Equation 
(8) can also be obtained by substitution of equation (5) into equation ( 1 )  
directly. 

Further insight into the interpretation of the MD model and the parameters of 
interest using this model can be obtained by considering a more generalized set 
of conditions which yield the model. Consider a reference population of individ- 
uals consisting of T., T.*, and T., of the AA,  Aa and aa genotypes, respectively. 
Suppose this population subdivides into H subpopulations according to the law 

Pr[Tii,T,z,Ti3;Tzi,T,,,T,,; . . . THI,THZ,THS I T.i,Te,T.31 

Different choices of the parameters, p h i ,  will give a variety of decompositions of 
the population which can take into account both the random and nonrandom 
association of genotypes within a subpopulation as well as associations between 
genotypes in different subpopulations. An equivalent form of equation (9) is 
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T.2! 

where 

A h z  = P h , ~ ( l  - P h - i , z )  ( 1  -Ph- -2 ,%)  . . 3 (1 - P H - I , ~ ) ,  ( 1 1 )  
h= 1.2,. . . , H - l ,  i =  1 ,2 ,3 ,  

and P h , ,  = 0 for h < 1 .  

In practice, T.l, T.2, and T., are random variables observed at a fixed time. t. We 
take T., to have independent Poisson distributions over time. This is equivalent 
to assuming that 

Pr(T.l,T.2,T.3 I N = T., + T., + T.3) 

is a multinomial distribution. Then the joint distribution of the genotypes in the 
H subpopulations may be written 

Pr(Tii,Ti2,Ti~;T2i,T~2,T*~; . . ; TH~,THL,THS)  

From this basic distribution the multinomial distribution of T h i  into the H sub- 
populations is obtained by setting 

A . - A  . -  
13 - 23 - A S ~  E . . . = A H ~  = Ai 

for each j = 1,2, 3 and conditioning on subpopulation size. I t  is 

The basic equation (12) takes the form of the MD when either of two assump- 
tions are true. They are (1) the Ahi; h = 1,2,  . . . , H are equal for each i but the 
genotypes are distributed according to a Dirichlet or (2) T.l, T.?, and T., have a 
negative binomial distribution rather than a Poisson. As previously shown, the 
parameter + of the resulting MD may be interpreted as the attraction of like 
genotypes into the same subpopulation in the splitting process. 

Regardless of the specific process which may give rise to the MD, equation (8) 
represents a convenient realistic likelihood. First, there is sufficient flexibility in 
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the parameters of the likelihood to deal with a wide spectrum of situations. 
Second, the MD likelihood function is consistent with the correlational defini- 
tions given by WRIGHT and used by COCKERHAM. To see this, recall that there are 
three main parameters used in the likelihood model; P,, P, and 4 or equivalently 
p ,  F and p where 

p = P ( A )  is the frequency of A in the total population, 
F = the correlation between alleles in the same individual 

averaged over the entire population, 
Pi = pz  f pqF , 
P 2 = 2 p q ( l - F ) ,  
P, = q2 + p q F ,  
Pi + P, + P, = 1 , 
p = the correlation between Yc and Yj,  i # j irrespective of the 

subpopulation from which i and j are drawn, 
and 9 = ( 1  - P > l P .  

We note that, for the special case Y ,  = 1 if individual is A A ,  2/2 if individual is 
Aa, or 0 if individual is aa, then p in equation (4) is equivalent to WRIGHT'S 
coefficient of relationship and may be written as 

2 0  
1 f F  

where o is taken to be the correlation between pairs of alleles drawn from differ- 
ent individuals within a subpopulation irrespective of the subpopulation being 
considered. As with F,  0 is taken to be the expectation over all subpopulations of 
the population. There are 2Nh (Nh-1) such pairs contributing to each O h .  

For any subpopulation the expected relative frequency of the A A  genotype is 

and of the Aa genotype is 

E[Thz/Nhl = 2 p q ( l  -F) . 
Therefore, the expected value of the gene count estimator of the frequency of 

the A allele is 

The variance of the estimate is 

where F and o are the average values defined above. 
This result is analogous to that presented for  the variance of allele frequencies 

by COCKERHAM (1969, 1973).  Our analysis of F and o allows a somewhat dif- 
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ferent interpretation than COCKERHAM’S of the dispersion of genotype fre- 
quencies among subdivisions. The parameter p may be defined as either a correla- 
tion between Yi,  Y j ;  i # i, or as a function of difference in variance between the 
MD and the multinomial. It is, for  any h, h = 1 , .  . H, 

where Q1. = (l--P%). 

In  equation (15), po represents an alternate interpretation of the correlation 
parameter as a function of the subpopulation size and the genotypic variances. 
This reflects the fact that the genotypes in a subdivision may be correlated due to 
both population structure per se and finiteness of the subpopulations making up 
the population. Consequently a difficulty arises in interpreting possible differ- 
ences in p as due to differences in population structure or due to a difference in 
the finite size of the subpopulations in the populations being compared. That is, 
the size of the subpopulations and populltion structure are confounded in the 
genotypic correlation measure p. However, if we require, as seems natural. that 
V ( f i h )  of equation (14) is of the order Nh-l- then p and 0 must be of the same 
order. Hence an approximate index for comparing the structure of two popula- 
tion which differ in the size of their subpopulations, say N ,  for the first popula- 
tion and N ,  for the second, should be based on a function which measures the 
discrepancy between N I P l  f (1 - p l )  and N 2 p 2  + ( 1  - p.). That is, one might 
compute an estimate of Sj, i = 1,2 

where Phi, PhZ and Ph? are the frequencies of AA, Aa and aa respectively, in the 
hth subpopulation of the ith population with subpopulations of size Nh. Then the 
ratio 

Sl/S2 

gives a measure of relative structure corrected for any effect due solely to sub- 
population size. For example, suppose two populations having subpopulations of 
size N h  = 100 and N h  = 200, respectively, are found to have p, = .02 and p2 = 
.01, respectively. The question naturally arises whether this difference in p 
between populations is due to the fact that one population consists of subpopula- 
tions twice the size of the other o r  is due to some difference in population struct- 
ure other than subpopulation size. A ratio S,/S, of approximately 1 indicates 
that both populations have the same level of coancestry due to population struc- 
ture as measured by p, and the observed difference, p, - p2. may be attributable 
to a difference between the populations in the size of their subpopulations. 

STATISTICAL INFERENCE;  ESTIMATION A N D  TESTING 

We will consider the application of the MD given by equation (8) to genotype 
data obtained at one point in time from H subpopulations with no available in- 
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formation on ancestry or coancestry. The likelihood of a sample representing H 
subpopulations in terms of the three parameters P,, P,, and p is proportional to 

(thi + Pih-- (1-p) - 
P 

\ 
Ignoring the constant term, the log-likelihood may be shown to equal 

Recall that Pi are functions of allele frequencies and F while p is a function of 
the allele correlations F and O. The estimators of these parameters for this non- 
linear form of the MD have not been extensively studied. MOSIMANN (1962) 
suggests a method of moments type estimator for the frequency parameters, Pi, 
By solving the relationship 

one obtains estimators of Pi. Then by equating the determinant of the sample 
variance-covariance matrix to the determinant of the theoretical variance-covari- 
ance matrix (evaluated at P , )  an estimator of p is found. The properties of these 
estimates have not been studied in general but it can be shown that in the practi- 
cal situation where H is small and the n!, are large, inconsistent estimators result. 
The corresponding estimate of the allele frequency. p ,  is the familiar gene count- 
ing form 

Although this estimate is unbiased it will have large variance 

unless H + x .  Consistency of the estimate (mean square sense) is obtained only 
when the component of correlation between pairs of alleles drawn from different 
individuals but the same subpopulation, 0, (and hence p = 20/1 + F )  is zero. 

We now turn to the maximum likelihood estimation procedure. Several alter- 
nate methods of evaluating the maximum likelihood estimators are available. 
One can begin by searching the region of the space suggested by the method of 
moments. From there a scoring technique (RAO 1965) utilizing the asymptotic 
variance-covariance matrix based on the inverse of the information matrix evalu- 
ated at the estimated values can be used to expedite the search of the surface. In 
the absence of information about the shape of the entire surface it may be neces- 
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sary to utilize some type of grid search technique to be certain a secondary maxi- 
mum was not obtained because of saddlepoints or other inconsistencies of the 
surface. The matrix of second derivatives is 

a2i azi aZi 
a P; a P, a P, a m p  

a*i a z i  a 2 1  

a P, a P, a P; a m p  
azi az! a 2 1  

aPlap aP,ap a $2 

-___ 

-- 

-- 

where 

a 2 1  - H th,-l th8-1 

- ( 1 - P ) 2  { [(1-p)Pi+pLl-2 + z [(1-p)P3+pL]-2} i =  1,2 a P; h=1 L=O L=O 
-- 

The second derivatives converge with probability one to their expected values 
(KENDALL and STUART 1973, p. 43); consequently the negative of the second 
derivative matrix converges to the information matrix. By evaluating this matrix 
at the maximum likelihood estimates of P,, P2 and p and inverting the resulting 
matrix, it is possible to estimate the variance-covariance matrix for the maxi- 
mum likelihood estimates of p, P1 and P,. Also, if one desires, the likelihood func- 
tion can be parameterized in terms of p ,  F and o (or p ,  F and p )  and estimates 
found for these parameters directly. 

One can also put restrictions on the parameters when estimating them and 
then test the validity of these restrictions. For example, consider the hypothesis 
F = 0. The maximum likelihood estimators of p ,  the gene frequency, and p can 
be found in that subset of the parameter space in which F = 0 utilizing either a 
grid search or a scoring technique. Let these estimators be designated by 2 and 2, 
which in general are not equal to the corresponding estimates when F # 0. Then 
the quantity 

2r l (k ,k , ; )  - I($+)] 
is asymptotically distributed as a chi-square with one degree of freedom (RAO 
1965). This log likelihood ratio thus provides a test of the hypothesis F = 0. 
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Similarly, one could estimate p ,  the gene frequency (or P, = p')  under the 
hypothesis that F = 0 and p = 0. Letting P,, designate the gene frequency esti- 
mate under this hypothesis, the test criterion for F = 0 and p = 0 (which in our 
parameterization is equivalent to testing for Hardy-Weinberg equilibrium) is 

2[Z(~1,A,/J - Z(P,,)I 

which is asymptotically distributed as a chi-square with two degrees of freedom. 
A similar log-likelihood ratio test could be performed for the hypothesis p = 0, 

but as ROTHMAN and WOODROOFE (1973) show, a simple x2 test will be quite 
efficient. Specifically, one computes 

(thi - rZhp^i ) ,  

nhp^ i  
X ' = z  z 

h=1 i=1 

where i;i is z : ~ ~  th i /X:= ,  nh and compares this statistic with a x2 with 2H-2 
degrees of freedom. 

APPLICATIONS: COMPARISON WITH COCKERHAM'S APPROACH 

A comparison of the likelihood approach developed above with the least- 
squares approach of COCKERHAM (1969) was made in two ways. First, the six 
largest kindreds defined by SING, CHAMBERLAIN and EGGLESTON (1973) from 
the Tecumseh Community Health Study were chosen for  convenience to repre- 
sent a random sample of subdivisions. Of course the assumptions of our underly- 
ing model do not strictly hold, but the data serve to illustrate the application of 
the model. Data from codominant loci, each with two alleles, were available on 
individuals from each kindred. The data set is presented in Table 1. Second, a 
computer simulation was employed to generate six independent samples of data 
from a known reference population defined by specific parameter values of N h ,  

PI ,  P, and p. The six samples (subpopulations) of equal size were then subjected 
to the two analyses. This experiment (and the analyses) was replicated 100 times 
to obtain the distribution properties of estimates for each of six combinations of 
parameters. Those six were three values of Nh; 20, 50, and 100, each combined 
with two values of p; 0.10 and 0.25. The same P,  and P, were considered in all 
cases. Each of the six samples of a replication was generated by utilizing a ran- 
dom number generator and a fixed relationship between the parameters PI ,  P2, 
and p. The decision regarding the genotype of the ith individual was made by 
generating a random number from a uniform distribution between zero and one 
and comparing i t  with the probabilities determined by the parameters under 
consideration. If r is the random number then the ith genotype of the sample i = 
1 . . NJ, is assigned according to the rule 

A A  if 0 2 r 2 Phi, 
Aa if Phlr < r < P h I z  + PhZ2, and 
aa if PhlL + Ph,i < r i 1 
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TABLE 1 

Data on fiue codominant loci from six large kindreds available from 
Tecumseh Community Health Study 

Kindled 
Phenotype 1 e 3 4 5 6 Relative frequency 

MM 22 15 6 7 17 21 .2268 
MN 41 4 0  31 39 27 23 ,5180 
NN 34 30 9 10 6 10 ,2551 
N 97 85 4.6 56 50 54 
ss 4 1 16 2 7 14 .lo83 
ss  29 23 25 30 29 26 .3990 
ss 65 63 14 25 18 15 . W 6  
N 98 87 55 57 54 55 

Hpl-I 23 11 9 6 18 8 .1847 
Hp2-1 48 38 26 32 29 28 .4950 
Hp2-2 27 38 20 19 7 19 .3201 

Gcl-1 54 42 41 4.0 26 24 .5563 
Gc2-I 37 36 14 17 25 24 ,3750 
Gc2-2 7 9 0 0 5 7 .0686 

Gm(a+) 18 15 4 0 8 1 .I185 
Gm(a+b+) 46 38 13 19 26 24 .4278 
Gm(b+) 33 32 29 37 16 29 .4536 

N 98 87 55 57 54 55 

N 98 87 55 57 56 55 

N 97 85 46 56 50 54 

where Phli, P h 2 i  and Ph3i are the relative probabilities of the genotypes after i-1 
individuals have been assembled for the hth subdivision. That is, for the first 
decision in the hth subdivision 

Phii = p' + PqF, 
Phzi = 2pq  (1 -F)  , and 
PhSi = 4' + pqF.  

For the ith decision of the same subdivision 

pThii- i  + P h i l  (1-p) 

( i - l ) p  + ( 1 - P )  
Phli = 

Phsi = 1 - Phzi - PhSi where 

Thli-l and T h z i - l  are the number of A A  and Aa after i-1 decisions have been 
made. The Phil, P h Z l  and P h S 1  values for the simulation of all samples, h = 1. . . H, 
and every replication, were taken to be .18, .50, and .32, respectively. 

Table 2 gives the comparison of the MLE and LS procedures using the six 
largest kindreds from the Tecumseh study. The parameters P,, P,, and p were 
estimated by maximum likelihood using equation (12). The least-squares (L.S.) 
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procedure is that developed by COCKERHAM (1969) using the weighting method 
for unequal subdivision size given in his 1973 paper. The L.S. analysis is based on 
correlations among alleles, whereas in Table 2 we are concerned primarily with 
parameters which define genotype frequencies. COCKERHAM ( 1969) gives the 
(unbiased) estimators of PI ,  P,, and p to be 

P, = T. , /N ,  and. 

P, = T. , /N ,  and,  
pi = T.i/N, 

- 26 

where 6 and b are the least-squares estimates of the parameters defining correla- 
tions between pairs of alleles ignoring subdivision, F ,  and the correlation, O, 
between pairs of alleles within subdivisions averaged over all subdivisions. The 
assumption is made that the relationship between p, O, and F is affected by 
sampling only and that all subdivisions are homogeneous with respect io this 
relationship. For all loci considered the L.S. estimate of p is greater than the 
M.L.E. estimate. On the average, for p, the least-squares estimator is double the 
M.L. estimator. Taking twice the standard error of the M.L. efficient variance to 
estimate the 95% confidence interval for the ML estimate we see that the L.S. 
estimates of p from the Ss and Haptoglobin markers appear to be substantially 
different, whereas the estimates from the other three markers are not. However, 
no significance can be attached to this difference since a comparison is based on 
an estimate of the M.L. variance and not that applicable for least-squares esti- 
mates. Estimates of P, and P, are remarkably similar for all loci. The estimates 
based on the difference in variance given by Po, equation 15, are similar to the 
M.L. estimates. On the average po is smaller than 

A more meaningful comparison between the L.S. estimator and the M.L.E. is 
best accomplished on the likelihood axis rather than the parameter axes. Large 
differences between the two estimates may in fact correspond to a ratio of the 
likelihood evaluated at the L.S. estimate to the likelihood evaluated at the 
M.L.E. which is close to 1. This would indicate a rather flat likelihood surface in 
a neighborhood of the M.L.E. containing the L.S. estimate. This appears to be the 
case for all loci considered (see Table 2). The implication of this for testing 
hypotheses about the parameter values is clear. Little loss of power would result 
if the L.S. estimates are used in place of the M.L.E. in a likelihood ratio test. The 
loss of power may, however, be considerable with other data sets, 

The results of the application of the M.L.E. and L.S. procedures to the output 
of the computer simulations arc given in Table 3. As expected the M.L. estimates 
are biased more than the corresponding L.S. values. The effect of increased sub- 
division size to reduce the percent bias is a function of the parameter p. Regard- 
less of the estimator, for the smaller value of true p the bias is affected little by 
the increase in Nh from 20 to 100. The data suggest that the larger the value of 
true p. the greater the reduction in bias due to consideration of larger subdivis- 
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ions. For the values of p expected in real sexually reproducing populations, say 
p < 0.1, it appears that each of the three estimation procedures err badly for  
small subdivision sizes. 

The dispersion of estimates yields a somewhat different conclusion. The effect 
of varying subdivision size is greatest for the smaller value of true p. The coeffic- 
ient of variation reflects a decrease in relative variance for all subdivision sizes 
as true p increases. Regardless of the subdivision size or value of true p considered, 
the variances of least squares estimates are more than double the corresponding 
variances of M.L. estimates (and po values). 

The combined influences of bias and variance are reflected in Table 3 by the 
mean square loss measure. By this criterion the M.L. and pn estimators are 
equally good and 2 to 20 times better than the least-squares estimates. 

FURTHER APPLICATIONS 

In  this section we consider implications of the model to statistical inference. 
Consider a subpopulation of individuals characterized by their genotype at a 
given locus. To test whether this subpopulation is in Hardy-Weinberg equilib- 
rium a sample of size n is drawn and a chi-square test (or some modified version 
as proposed by CANNINGS and EDWARDS 1969) would be used. Because of co- 
ancestry or finite size of the subpopulation the variance of the genotypic fre- 
quencies will be greater than one would expect if individuals were unrelated. 
Thus the underlying distribution of the sample may be of the form of a multi- 
nomial Dirichlet rather than the usually assumed multinomial. Specifically, 
suppose we observe t , ,  t ,  and n - tl - t2 of genotypes AA, A a  and aa respectively. 
If the subpopulation is in Hardy-Weinberg equilibrium then, whether or not 
individuals are related, 

E( t , )  = np2 

E(t2)  2npq 

E(n - t ,  - t,) = nqz 

where p denotes the frequency of the A allele and q = 1 - p is the frequency of 
the a allele in the subpopulation. However, since individuals are related it may 
be shown that 

Var ( t l )  > np2- ( 1 - p z )  
Var ( t 2 )  > 2npq (1 -2pq) 

This result shows that the level of the chi-square test for goodness-of-fit will be 
affected. In particular the probability of a type 1 error will be larger. Quantifica- 
tion of this effect is discussed in ROTHMAN and WOODROOFE (1973). Clearly the 
impact on the level of the test will be greatest in highly structured populations. 
Recognition of this effect has been reported previously by GERSHOWITZ et al. 
(1967) in studies of the Xavantc Indians. 

Perhaps a more important application along the same line is found in testing 
for association between some observed pathology and a genetic characteristic. 
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When pedigree data are unavailable a chi-square test may be used to examine the 
hypothesis of independence. Here. as in the first application, the level of the test 
will be affected in a positive manner if p > 0. Thus one would reject the hypo- 
thesis of independence with higher probability when in fact the pathology may 
be unrelated to this particular genetic characteristic. 

We next consider the implications of population structure on estimates of 
mutation rates. One approach to estimation of a mutation rate in a human popu- 
lation, proposed by NEEL (1973), depends on the expected time to extinction of 
a mutant allele (given that it goes to extinction). NEEL’S results concerning the 
expected time to extinction based on data from several villages of Yanomama 
Indians and a simulation study by LI and NEEL (1973) are in disagreement with 
the theory of KIMURA and OHTA (1 969). One reason (others have been proposed) 
for the lack of agreement may be that KIMURA’S result depends on binomial vari- 
ation of gene frequency in the diffusion equation of the form 

where N ,  is the effective population size. Note that D, is on the order of Ne-’, 
which is a necessary assumption fo r  the applicability of the diffusion equations 
commonly used in genetics. When, in fact, there is population structure, D would 
take the form of equation (14), that is 

I f F  N-1 - 
D,=x( l - z )  (,,+-@) N 

where N is the population size. If F is non-zero, D, is on the order of N-l,  and 
consequently a non-zero F can be easily accounted for by an effect of effective 
population size. However, when e is also non-zero, D, is no longer on the order of 
N-’ unless it is further assumed that 7 is on the order of N-I. When biological 
conditions are such that this assumption about the magnitude of 3 cannot be 
made, conclusions based on D, using an N e  would be inappropriate. 
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