
T E C H N I C A  .L N O T E  

Est imat ing  Hols te in  L a c t a t i o n  Curves 

w i t h  a G a m m a  Curve  I 

D. WAYNE KELLOGG, N. SCOTT URQUHART, 
and A. J. ORTEGA ~ 

Departments of Dairy and Experimental Statistics 
New Mexico State University 

Las Cruces, NM 88003 

ABSTRACT 

Milk product ion records of healthy 
Holstein cows were analyzed with the 
model:  

Yi = fll t~ = e-~a ti + ei 

where Yi is milk production in kilograms 
at a specific time (ti) in months.  The 
parameters in this model were est imated 
with the techniques of intrinsically non- 
linear regression. The milk production 
data came from four lactations of  36 
cows and single lactations of 37 other 
cows which had completed at least one 
lactation. Production was collected 
monthly  except  that  weekly means were 
used during the first 2 mo for the lat ter  
group. The first and third coefficients 

A A 
(~1 and f13) were lower for lactation 1 
than for later lactations, i.e., estimated 
curves were lower and flatter for the first 
lactat ion than for later ones. Variances of 
deviations from the est imated curves were 
approximately equal after the 1st mo of 
lactation indicating that  intrinsically non- 
linear regression was the appropriate ap- 
proach. Although coefficients varied for 
individual cows, most  lactations were esti- 
mated closely by a gamma curve; coeffi- 
cients of determination were close to 1.0 
for means of cows but  were not  as consis- 
tent  for individual cows. This technique 
allows statistical comparison of lactation 
curves of experimental groups of cows. 
This technique may be useful to  extend 
incomplete lactation records, to compare 
daughters of sire groups, and to compare 
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product ion of cows receiving different 
nutrit ional or physiological treatments.  

INTRODUCTION 

The graph of daily milk production against 
t ime (usually for 305 days, 10 mo, for the dairy 
cow) is a lactation curve. The curve for a 
mature cow generally increases rapidly after 
parturit ion, reaches a peak after 30 to 90 days, 
then declines linearly until advanced pregnancy 
causes a sharper decline (2, 3, 4, 15, 18, 20). 
Several factors shape the curve of an individual 
cow causing considerable variation in peak pro- 
duction and slopes of the curve (1, 4, 7, 8, 9, 
10, 12, 13, 15, 19). 

Mathematical formulas have been proposed 
for inclining (3) and declining (2) phases of 
average lactation curves. In one instance, for- 
mulas for both aspects were combined to repre- 
sent the entire curve (3). Methods which char- 
acterize lactation curves could allow statistical 
comparison of milk production for entire lacta- 
tions and avoid restriction to the approximately 
linear phase. This would include the critical 
first months of lactation in nutritional or phys- 
iological experiments.  An evaluation of sires 
could use parameters derived from lactations of 
daughters. Addit ionally,  the shape of the curve 
might be incorporated into the process of ex- 
tending lactations. A gamma-type curve was 
used to fit production of just a single cow and 
average production of progeny of eight bulls 
(20). Wood (20) linearized the model, implicit- 
ly assuming substantially more variable produc- 
t ion at the peak than at extremes of the curve. 
Techniques of intrinsically nonlinear regression 
allow the assumption that  a cow's production 
has equal variance throughout  her 10-mo lacta- 
tion. Our assumption does not  conflict with 
common experience, as it  first might seem. A 
group of cows usually does have higher variance 
of  production around 2 mo than around 8 too. 
Two factors other than random variation con- 
t r ibute  to this comparison of variances. Cows 
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TABLE 1. Es t imat ion  of  four consecutive mean lacta t ion curves f rom mean dai ly  mi lk  produc t ion  of  m o n t h l y  observations of  36 Holsteins. 

Milk produc t ion  

Lacta t ion 1 Lac ta t ion  2 Lacta t ion  3 Lac ta t ion  4 Month of 
lactat ion Observed Est imated  Observed Es t imated  Observed Es t ima ted  Observed Es t imated  

F 

(kg) 

1 22.0 22.1 29,5 29.5 31.4 31.4 31.3 31,6 
2 23.2 22.9 29,9 29.7 32.3 32.1 33.1 32.4 
3 22.7 22.6 27.7 27.9 29.9 30.2 30.5 30.5 
4 21.7 21.9 25.0 25.5 27.1 27.4 26.9 27.7 
5 20.7 21.1 23.0 22.9 24, 5 24.5 24.6 24.7 
6 20.0 20.1 20.5 20.3 22.0 21.6 21.7 21.8 
7 19,3 19.1 18,4 18.0 19,1 18.9 19.5 19.0 
8 1 8.4 18.1 16.3 15.8 17.1 16.5 17.4 16.5 
9 17.4 17.2 13.6 13.8 14 , i  14.3 14.0 14.3 

10 15.9 16.2 11.4 12.0 11.7 12.3 11.8 12.3 
A A 

Equat iona ~(=23.365t .154e--- .074t  Q = 34.716t .245e .162t  y = 3 7 . 5 0 3 t , 2 8 6 e - , 1 7 7 t  y =  37 .838t ,297e- - .181t  
R 2 = .9878 R 2 = .9968 R 2 = .9976 R 2 = .9949 
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a A  
y = milk product ion  in ki lograms and t = t ime in months .  
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have different lactation curves so individuals 
following different curves will differ much 
more at the second than the eighth month.  
Secondly, the actual days postpartum for the 
second record of monthly production can range 
from about 35 to 70. Thus, early production 
records reflect much more diverse stages of lac- 
tation than do later records. By contrast our 
model accounts for both of these factors. 

In this investigation, the parameters of a 
gamma curve were estimated with techniques 
of intrinsically nonlinear regression to fit lac- 
tation curves. 

EXPERIMENTAL PROCEDURE 

Milk production records of two groups of 
cows were used. Monthly Dairy Herd Improve- 
ment  (DHI) records of the first four lactations 
of 36 Holstein cows provided data for one 
group. For single lactations of 37 other Hol- 
stein cows, daily production was averaged for 
each week during the initial 2 mo of lactation, 
and monthly DH1 records were used for the 
remainder. Each cow of the latter group had 
completed at least one previous lactation. Only 
records from healthy cows were used; entire 
lactation records were discarded if at any point 
milk scored two or three on the California 
Mastitis Test or if milk production dropped 
dramatically because of illness. 

During the first 2 mo of lactation, the latter 
group of cows was fed individually. Otherwise, 
all cows were housed and fed with groups of 
about 30 cows of similar production. Enough 
feed was offered to allow cows to consume 
about 5% more nutrients than required (16). 
Personnel, milking facilities, and milking pro- 

cedures remained constant during data collec- 
tion. 

Daily milk production was regressed on the 
actual time after parturition when measure- 
merits were made by the model: 

Yi = [31ti t2 e-~3~ ti + el, ~11 

where Yi is milk production in kilograms at a 
specific time (ti) in months. 

The parameters (~'s) were estimated with a 
locally developed computer program based on 
the principles of intrinsically nonlinear regres- 
sion discussed by Draper and Smith (6). It util- 
ized the computational algorithm given by Mar- 
quardt (14). Analyses of variance were used to 
distinguish among mean curves of different 
groups of cows. Maximum ratios of variance 
were used to determine significance of devia- 
t ion from the estimated curves (17, Table 31). 
This statistical procedure provides the basis for 
comparing every variance with every other vari- 
ance. 

RESULTS AND DISCUSSION 

The model [1] was fitted both to individual 
cow data and to means over 36 cows but within 
lactation. Table 1 presents observed mean data 
and fitted results for each lactation. The fit by 
the model was extremely close (P( .005) in 
each instance that means were used, as indi- 
cated by R ~ values (Table 1). 

Means of each coefficient of gamma curves 
of 36 individual curves for each lactation ap- 
pear in Table 2. Mean values vary from coeffi- 
cients in Table 1 which were estimated from 
monthly means because we are dealing with a 

TABLE 2. Mean estimated regression coefficients of individual gamma curves of 36 Holsteins for four lactations. 

First coefficient a Second coefficient b Third coefficient c 
Lactar~o. (~)  S E ~: )  Se (~)  SE 

1 23.7 .8 .119 .003 .O61 .008 
2 35.7 1.4 .250 .049 .160 .015 
3 39.1 1.5 .324 .061 .186 .016 
4 38.1 1.2 .395 .050 .206 .017 

aMultiplier, kg. 
bpower of time. 
CMultiplier in the exponent of e. 
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TABLE 3. Analyses of variance for estimated regression coefficients of individual gamma curves of four lacta- 
tions of 36 Holsteins. 

First Second Third 
Source df coefficient a coefficient b coefficient c 

(mean squares) 
Total 143 
Cows (C) 35 544" * .098 .012" * 
Lactations (L) 3 8,874" * * .501 .153 * * * 
1 vs. 2, 3, 4 1 25,559*** 1.123 .422*** 
2, 3, 4 2 532 .190 .019 
Error (C X L) 105 176 .083 .006 

* *Significant at P<.01. 
* * * Significant at P<.005. 
aMultiplier. 
bpower of time. 
CMultiplier in the exponent of e. 

non l inea r  model .  Coeff ic ien ts  in Table  2 were 
d i f f e ren t  ( P < . 0 0 5 )  across l ac ta t ions  (Table  3). 

Because coeff ic ients  varied f r o m  cow to  cow  
and  f rom lac ta t ion  to  l ac ta t ion ,  f u r t h e r  analysis  
s e e m e d  necessary.  The  36 x 4 es t imates  of  each  
coef f i c ien t  can be  sub jec t ed  to  analysis  o f  vari- 
ance. T h e  a p p r o x i m a t e  va l id i ty  of  this  p roced-  
ure  rests on  the  f ac t  t h a t  es t imates  of each 
coe f f i c i en t  have a p p r o x i m a t e l y  equal  var iance  
because  p r o d u c t i o n  was eva lua ted  at  a b o u t  the  
same t ime  for  all cows and  lac ta t ions .  Analysis  
o f  var iance tests (Tab le  3) m a y  be  conserva t ive  
because  the  er ror  t e rm  con ta ins  cow by  lacta-  
t ion  i n t e r ac t i on  i f  i t  exists.  F r o m  t he  m e a n  
squares  the  first  and  th i rd  coef f ic ien ts  change  
across cows and  across l ac ta t ions ;  t h e  l ac ta t ion  
d i f fe rences  occur  because  t he  curves of  the  
f i rs t-calf  heifers have a d i f f e r en t  shape  f r o m  
la te r  lac ta t ions .  

To i n t e r p r e t  these  results ,  h o w  coeff ic ients  
af fec t  the  curves needs  to  be  cons idered .  Be- 
cause fll is a mul t ip l ie r ,  i t  changes  he igh t  of  the  
curve across all t imes,  bu t  i t  has n o  i m p a c t  on  
shape  of the  curves. F r o m  means  of  es t imates  
of  t he  f i rs t  coef f i c ien t  in  Table  2 and  the  analy-  
sis o f  var iance,  t he  g a m m a  curves f i t t ed  to  the  
f irst  l ac ta t ion  have m u c h  lower  values t h a n  the  
curves fo r  l a te r  lac ta t ions ,  a resu l t  cons i s t en t  
wi th  o t h e r  f indings  (1,  9, 10,  12, 13, 15). These  
g a m m a  curves peak  at  /32//33, which  lies be- 
tween  1.5 and  2.0 m o  for  all l ac ta t ions .  The  
second  coef f ic ien t  (132) shapes  the  rising por-  

t ion  of the  curve while the  t h i rd  one  (~33) 
d o m i n a t e s  h o w  fas t  the  curve drops  off  f r o m  
its m a x i m u m .  The  curve for  the  f irst  l ac ta t ion  
remains  fairly flat, c o m p a r e d  wi th  la te r  ones,  
which  b e c o m e  progressively s t eepe r  dur ing  this 
decl ining phase  (Table  2). 

The  f i rs t  and  th i rd  coeff ic ients  (t31 and  132) 
did vary (P< .01 )  a m o n g  individual  cows (Table  
3). Most  individual  d ispar i ty  occur red  dur ing 
l ac t a t ion  1 and  was a p p a r e n t  in the  range of  d~s- 
t r i b u t i o n  of R 2 (Table  4). Only  four  o f  108 
values of  R 2 were be low .8 for  l ac ta t ions  2, 3, 

TABLE 4. Distribution of R 2 for gamma curve esti- 
mates of individual lactation curves of 36 Holsteins 
from 10 monthly observations. 

Range of Lacta- Lacta- Lacta- Lacta- 
R 2 values tion 1 tion 2 tion 3 tion 4 

(number of cows) 
>.90 9 30 30 25 
.80 to .89 11 4 6 9 
.70 to .79 4 1 0 1 
.60 to .69 2 0 0 0 
.50 to .59 2 0 0 0 
.40 to .49 2 1 0 1 
.30 to .39 3 0 0 0 
.20 to .29 0 0 0 0 
.10 to .19 1 0 0 0 
<.10 2 0 0 0 

Total 36 36 36 36 
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and 4. S ix teen  of  36 values of  R 2 were be low 
.8 for lacta t ion 1. Poor  fit  occurred when 
curves were relatively flat wi thou t  dist inct  
peaks in early lacta t ion.  Figures 1 and 2 illus- 
t rate curves of  individual  cows. Al though peak 
produc t ion  and slopes of curves varied, the 
model  did fit  well in each of  these instances. 
Precision was greater  when  data were combined  
across cows than for  most  individual lactat ions.  

Variabil i ty in lacta t ion curves of  catt le has 
been noted.  Higher peak produc t ion  usually has 
resulted in a more  rapid decline (1, 9, 10, 12, 
13, 15), and a gamma curve can display this 
p roper ty  too.  Interact ions be tween  pari ty and 
peak produc t ion  have affected curves (1, 15); 
again gamma curves can behave this way. 

Table 5 contains several summaries  of  the 
deviations of  the observed product ions  f rom 
the  gamma curves f i t t e d  to  the individual cow 
data (deno ted  Y - Y ) .  Al though the deviations 
in separate mon ths  wi thin  a lac ta t ion  came 
from the same 36 cows, the  homogene i ty  of  the 
deviations across months  reflects on the as- 
sumpt ion  of  homogene i ty  of  variance and the 
mean of  the deviations on the f i t  of  the model .  
Deviations were relatively small for  each 
month ,  indicating that  the f i t ted  curves have 
l i t t le  i f  any bias at  any time. All possible pair- 
wise comparisons of  variance were made  by the 
technique  described at the end of  the proced-  

ures section.  The variance in the 1st mo was 
lower  than the variance in some later mon th  for 
all lactat ions;  otherwise,  no differences among 
variances were observed. This strongly supports  
the  assumption of  homogene i ty  of variance fo 
for months  2 through 10. Variance really may 
be slightly lower during the 1st too, but  we 
doub t  this. The data do not  ref lect  lower  vari- 
ance early in the lactat ion.  The observed low 
variance of  the residuals could result  f rom the 
es t imat ion procedure because it seemed to  need 
a good fit on the first po in t  to get a reasonable 
fit  at succeeding points. 

These considerat ions indicate tha t  the 
scat ter  of  data around the es t imated lacta t ion 
curves was relatively uni form and tends to sub- 
stantiate use of the intrinsically nonlinear  
model  in this investigation. Wood (20, 21) re- 
gressed the logari thm of Y on X and the  loga- 
r i thm of X. This process implies a model  which 
involves the parameters  (13's) in the same way as 
ours but  involves the sampling deviations or 
"e r ro r s "  (ei's) differently.  Because quanti t ies 
which add on a logari thmic scale mul t ip ly  on 
the  data scale, his model  effect ively assumed 
tha t  the sampling deviations entered  his model  
in a mult ipl icat ive manner .  Consequent ly  the 
use of  his mode l  assumed greater  variat ion of  
p roduc t ion  about  the peak of  the curve than at 
the extremes.  In this s tudy ,  variances were no t  
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o LACTAT ION 4 

MONTH OF L&OTAT'ON 

FIG. 1. Estimated la~ctation curves of cow 619 re- 
presenting equations: Y ~ 30.314t.248e - -121t  for 
lactation 1 (R 2 = .9187); AY = 35.088t-265e --124t for 
lactation 2 (R 2 = .9314) ; Y = 35.062t "350e--.149t for 
lactation 3 (R 2 = .8225) ; Y = 44.181t-202e-.128t for 
lactation 4 (R ~ .9389), where Y = milk production 
in kilograms and t = time in months. 
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FIG. 2. Estimated lactation curves of cow 627 re- 
presenting equations: V ~  24.306t-186e - .053t  for 
lactation 1 (R 2 = .7714); Y = 41.593t.431e --200t for 
lactation 2 (R 2 = .9573) ; Y = 52.696t .355e--.197t for 
lactation 3 (R 2 = .9857) ; Y = 40.370t.672e --282t for 
lactation 4 (R 2 = .9543), where Y = milk production 
in kilograms and t = time in months. 
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TABLE 5. Es t imated  means, s tandard errors of  means, and variances of  deviations ( Y - Y )  from regression curves of individual lac ta t ions  of 36 Holsteins for four 
lactations.  

Month 

Lactat ion 1 2 3 4 5 6 7 8 9 10 

(kg) 
Lactat ion 1 

Mean -.22 ,48 .07 -.35 -.20 -.05 .18 -.01 .35 -.25 
SE .11 .21 .16 .19 .20 .22 .19 .20 .16 .19 
Variance .93 3.57* 2.16 2.72 3,35* 3,94" 2.88 3.18" 2.04 2.85 

Lactat ion 2 
Mean -.04 .27 -.09 -.42 -.05 -.01 .32 .68 -.09 -.68 
SE .15 .30 .29 .26 .32 .24 .26 .22 .18 .29 
Variance 1.69 7.30* 6.50* 5.53 8.20* 4.49 5.37 3.81 2.62 6.40* 

,., Lacta t ion 3 
o Mean .O1 .37 -.44 -.49 .05 .71 .12 .77 -.36 -1.12 
= S E  . 2 0  .34 .31 .36 .33 .34 .28 .27 .31 .33 

Variance 3.23 9.31 7.54 10.53 8.58 9.20 6.09 5.81 7.62 8.70 

Lactat ion 4 
"~' Mean -.20 .65 -.05 -.85 -.10 .03 .54 .90 -.35 -.69 
u~ SE .21 .45 .34 .34 .32 .27 .30 .33 .26 .30 
~' Variance 3.66 16.00" 9.09 9.52 7.93 5.73 7.19 8.38 5.33 7.35 

Z 

> 

z 
o 

< 

O 

o0 

*Variance of these months  greater (P<.05) than variance of mon th  1 within lactation.  
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lower  (P>.05)  during the lat ter  months  than 
they  were in m o  1 to 4. 

Data f rom DHI provided l imited in format ion  
during early lactat ion when produc t ion  ordin- 
arily increases rapidly. Table 6 contains  means 
of  37 lactat ion curves; during early lactat ion 
daily p roduc t ion  was averaged to obtain  weekly 
means. The  gamma curve fit dose ly  (R e = 
.9978),  again indicating the precision with  
which the mode l  fits lacta t ion curves. While 
precision of  es t imat ion was high both  here and 
with DHI data, increasing the number  of  weigh- 
ings provided more  accurate measurement  of 

~ roduc t ion  in early lactat ion.  In this instance,  
i was higher than mean values of/31 in Table 

2. This reflects higher  peak p roduc t ion  of  these 
cows compared  with those presented earlier. 
Data in Table 6 were gained later, through the 
use of  di f ferent  cows which were fed and 
housed individually during early lactat ion.  Peak 
produc t ion  in Table 6 occurred earlier than in 

TABLE 6. Estimation of mean lactation curves of 37 
Holsteins from weekly mean milk production for 2 
too, thetx monthly observations for 8 mo. 

Mean time 
postpartum Observed 

Milk production 
Esfim~ed a 

(days) (kg) 
5 26.8 26.7 

12 30.9 31.5 
19 34.0 33.6 
26 35.1 34.6 

Table 2. This may be due to  more  data available 
during early lactat ion.  Both 32 and 33 were 
within ranges given in Table  2 for  different  lac- 
tat ions of  o ther  cows. 

The approximate ly  linear phase of  the lacta- 
t ion curve has been used extensively as the 
per iod of  nutr i t ional  exper imenta t ion  with 
cows (5, 11). These methods  have restr icted 
length of exper iments  and have no t  been ap- 
plicable to the initial 2 mo of lactat ion.  The 
gamma curve possibly could allow comparison 
of  entire lactat ions in many experiments .  
Excel lent  techniques available for  ex tending  in- 
comple te  lactat ions might  shorten the t ime re- 
quired for  exper iments  during the initial phase 
of  lactat ion.  

Parameters of  the gamma curve have seen 
l imited use in evaluat ion of  sires (20). Curves of 
daughters of  sires were f i t ted,  then statistics 
were compared.  

An addit ional  application may exist in ex- 
tending partial or incomple te  lactations.  Con- 
sideration of shape of curves during early 
months  of lacta t ion should indicate persistency 
of  mi lk  yield.  Incorpora t ion  of parameters  of  
the gamma curve into current  processes of ex- 
tending lactat ions needs s tudy.  

In conclusion,  intrinsically nonl inear  techni- 
ques in this investigation closely f i t ted  lactat ion 
curves of  individual cows unless curves were 
relatively flat. In every instance, curves of 
means of 36 or 37 cows were f i t ted  precisely. 
These intrinsically nonl inear  techniques  provide 
a m e t h o d  to compare  lactat ion curves of  differ- 
en t  groups of  cows. 

33 35.0 35.0 
40 34.9 35.0 
47 34.7 34.7 
54 34.1 34.3 

67 33.1 33.1 
91 30.1 30.3 

116 27.1 27.2 
149 23.6 23.3 

177 19.8 20.2 
209 17.1 16.9 
241 15.2 14.2 
270 11.9 12.1 
298 9.5 10.3 

aEstimated by the equation, {' = 42.538t "235 
e -.197t,  where Y is milk production in kilograms and 
t is time in too. R ~ = .9978 ~nd is significant 
(P<.O05). 
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