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ABSTRACT

Characters with phenotypic expression consisting of a response in one of
several mutunally exclusive and exhaustive categories are considered. Formulae
relating heritability in the discrete, outward scale to heritability in underlying
normal and exponential scales are presented. For the normal case with two
response categories, results reduce to the well-known formula for heritability
of binary traits.

OST applications of quantitative genetics theory to animal and plant breed-
ing have been made with respect to characters showing a continuous distri-
bution on a phenotypic scale. However, many traits such as tolerance to micro-
nutrients and calving difficulty present a discrete distribution of phenotypes. On
the basis that such traits can be expressed in terms of percentage incidence,
WeieHT (1920, 1926) developed the inverse probability transformation and used
it to determine the relative amounts of genetic and environmental variation in
digit numbers of guinea pigs (WricuT 1934a, 1934b). WricHT postulated that
the dichotomy observed in guinea pigs (three-toed vs four-toed) was the result
of a physiological threshold in a character affected by many Mendelian factors,
each of which made a fairly constant contribution to variability in an under-
lying normal scale.

RoBERTSON, in an APPENDIX to a paper by DempsTer and Lerner (1950)
derived a formula describing the relationship between heritability in a normally
distributed underlying scale, where all genetic effects are additive, and herit-
ability in an outward binary scale. The present paper presents general expres-
sions relating heritability in underlying normal and exponential scales to herit-
ability in an observed scale, where the expression of the character is a response
in one of the several mutually exclusive and exhaustive categories.

THE MULTIPLE THRESHOLD MODEL

When an individual is subjected to a set of conditions defining a population in
a statistical sense, a random variable, y, is assumed to arise in an underlying
continuous scale. In this scale, there is a set of m—1 fixed thresholds defined by
the vector ¥/ = (¢1,%s, . . - , tm_1) corresponding to m discontinuities in the observed
scale. If t; < y < t;,4, for j=0, ..., m—1 and with #z, = — and ¢, = %, then
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the individual is scored as responding in the j+1th category. The y variable can
be viewed as representing a linear combination of stochastically independent
genetic and nongenetic factors, and this structure is envisaged as determining
the probability of the character appearing. Let

}’i:M+gi+ei (1)

be the phenotype of the ith individual in an underlying continuous scale, g; be
its additive genetic value, and e; be an environmental deviation. Further, let
E(y;) =p, E(gi) = E(e;) =0, and Cov(gi, ;) =0 for all i. Then ¢* = o? + o2,
with heritability defined as 42 = ¢2/0%. The model in (1) can be standardized as

yp=ti b =B St @)

o (e

with E(y%) =0, Var(g}) =h* Var(e¥) =1—h? and Cov(g},e}) =0. In the
standardized scale, the vector of thresholds becomes

t— Lna—p
t*l:(t:,...,ml)—-—( PR .

If there are m possible response categories in the outward scale, for each g*,

there is a vector G’ = (0., 8,,...,0,), with E 0, =1 corresponding to the

]
distribution of responses in the observed scale, ze 6; 1is the probablhty of the
response in the jth category, given that g* =k, say. Since g* and e* are
independent:

6; = Prob{*; , <y* < 1¥;|g* =
= Prob{t*) —g* <et <1% —g*lg" =)

= ff(e*)de - ff(e*)de*
*ia—g* *i—g*

=Yir T Yo (3)
which is written in this form to facilitate comparison with RoBertsoN’s develop-
ments (see DEmpsTER and LErNER 1950) and where f(e*) is the density func-
tion of e*. Hence, G’ = yo—v1, y1—Yz. -5 Ym1), With yo=1 and v, =0, is a
function of g*.

In most applications, the aggregate value of a genotype in the outward scale

can be defined as:

w; = a'G; = aGL + a'G? (4)

where a is an m X 1 vector of scores or weights given to each of the possible
response categories, and G# and G® are vectors of additive and nonadditive
genetic effects, respectively. We now adopt the model of DempsTER and LERNER
(1950) by letting

w; =at gt tu , (5)

where a’G4 = a1 Bg} describes a linear relationship between the aggregate
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additive genetic value in the outward scale and the additive genetic value in the
underlying scale. From (4) and (5)
Var(a’'G4) = B2 k2 = Cov:(a’Gi.g; ) /1* . (6)
Furthermore, Cov(a’G,g}) = a’Cov(G,,g}) and the jth element of Cov(Gi,g})
is given by
Cov(6;.*) = f 0i(g*) g*f(g*)dg" , (N

where 6; is written as 6;(g*) to indicate its dependence on g* and where f(g*)
is the density function of g*.
The phenotypic variance in the outward scale can be obtained by defining an

m X 1 vector of phenotypic response probabilities I = (I, I, , . .. 1I,,) with
variance-covariance matrix with elements IT; (1 — IL;), i=1 . . . m, and —ILII; for

i % j. If phenotypes are scored as P = a’II, where a is as before, we have

Var(P) = a’Var(Il)a
:izl @ TL (1—11) — 2i=21<j_§_1 aia; I1; 1I; (8)

which in the case of two response categories and with @,=0, a,=1, reduces to
T1(1—11), the well-known formula for the binomial distribution.

THE NORMAL CASE

If g* and e* are normally distributed, RoBERTSON’s results (see DEmpsTER and
LerNERr 1950) can be directly extended (using equations 3 and 7) to obtain:

Cov(0,,g) = S vi8"f(g")dg* — § vig"f(g™)dg*
= h?(zj1 — z;) , 9
where z; ; and z; are the ordinates of a standard normal density function at

points ;4 and #; corresponding to the thresholds between categories j—1 and j,
and j and j+1, respectively. From equations 6 and 9

Var(a'GA) = k2 [_35 zi (@i —ad]? , (10)

which in the case of two response categories and one threshold and when
|a;—a,| = 1, becomes z?h?, which is the expression obtained by RoBERTSON (see
Dempster and LErner 1950) for the additive genetic variance in the outward
scale. The heritability in the outward scale is

ne m

m-1 m
}lz = A? [ '21 Z; (a,',+1 —a@)]z/[ ) 21 a1l (1_1—[@)—2 El<.21a,~a,-H¢H,~] R (11)
= = K2 1=1<])=
which for two response categories becomes

h2 _ hzzz

O TE =T (12)
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identical to the expression derived by RoBeErtson. Note that while the additive
genetic variance in the outward scale with two categories of response in general
depends on a, the heritability is invariant to the scoring procedure.

THE EXPONENTIAL CASE

Let the environmental and genetic components have density functions:

fe) =g et h, et >0

fe* =z;1‘ /s, g* >0

2

in which case it is possible to show that y* is not exponentially distributed and
has density function:

fo*) = Lez [ev/h—ev /8], y* >0 .
From equation (3)
%0
01—- f f(e*) de* =
ej(t*! VB — (T /By (13)

Likewise, from equations (3) and (7)
Cov(b,g*) = J (vin—vs) 8" f(g") dg*
2

where a = ,3_ — ,GL . From the result } gre'dg* =1/a?, « 70, then
2 1 o

Cov(6;,g*) = ',32% [t sa/Bs — et*1/8,]

1
iwes [mja—my] . (14)
From equations (6) and (14), we then have
1
Var(a’G*) = ——— [a, 2 (@i — ;) m;]* . (15)
‘ (hB:a*)?
The heritability in the outward scale is
m-1
=t [+ 3 (g @) milY/

0 (hﬁzaZ)Z

m m m
[ '§1 1L (1—11;) —2i—21<i§1 ;1111 ] (16)
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and when there are two response categories, equation (16) becomes

1
hg == Zhﬁz—az)z [a1 + (ag—al)ml]z/n (1“"1-.[) (az_a]_)z 9 (17)
which is not invariant to the scoring procedure, unless a, = 0, and reduces to
1
2 2 —_
h? By m?/TI(1—II)

when 2,=0 and a,=1. Clearly, equation (16) depends on the threshold values,
which in turn depend on 8; and g8, since t*;_, and #*; must be obtained from the
density function of y. Since in the exponential distribution Var(e*) = 82 and
Var(g*) = 2, the choice of B, = (1—A?)-5 and 8, = /4 is natural. Even in this
case, it seems impossible to calculate the threshold values without knowledge of
heritability in the underlying scale.

LITERATURE CITED

Dewmpester, E. R. and I. M. LerNer, 1950 Heritability of threshold characters. Genetics 35:
212-236.

WereHT, S., 1920 The relative importance of heredity and environment in determining the
piebald pattern of guinea pigs. Proc. Natl. Acad. Sci. U.S. 6: 320-332. , 1926 A
irequency curve adapted to variation in percentage occurrence. J. Amer. Statist. Assoc. 21:
162-178. , 1934a An analysis of variability in number of digits in an inbred strain
of guinea pigs. Genetics 19: 506-536. , 1934b The results of crosses between inbred
strains of guinea pigs, differing in number of digits. Genetics 19: 537-551.

Corresponding editor: J. F. KipweLL



