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ABSTRACT 

Characters with phenotypic expression consisting of a response in one of 
several mutually exclusive and exhaustive categories are considered. Formulae 
relating heritability in the discrete, outward scale to heritability in underlying 
normal and exponential scales are presented. For the normal case with two 
response categories, results reduce to the well-known formula for heritability 
of binary traits. 

OST applications of quantitative genetics theory to animal and plant breed- 
ing have been made with respect to characters showing a continuous distri- 

bution on a phenotypic scale. However, many traits such as tolerance to micro- 
nutrients and calving difficulty present a discrete distribution of phenotypes. On 
the basis that such traits can be expressed in terms of percentage incidence, 
WRIGHT (1920,1926) developed the inverse probability transformation and used 
it to determine the relative amounts of genetic and environmental variation in 
digit numbers of guinea pigs (WRIGHT 1934a, 1934b). WRIGHT postulated that 
the dichotomy observed in guinea pigs (three-toed us four-toed) was the result 
of a physiological threshold in a character affected by many Mendelian factors, 
each of which made a fairly constant contribution to variability in an under- 
lying normal scale. 

ROBERTSON, in an APPENDIX to a paper by DEMPSTER and LERNER (1950) 
derived a formula describing the relationship between heritability in a normally 
distributed underlying scale, where all genetic effects are additive, and herit- 
ability in an outward binary scale. The present paper presents general expres- 
sions relating heritability in underlying normal and exponential scales to herit- 
ability in an observed scale, where the expression of the character is a response 
in one of the several mutually exclusive and exhaustive categories. 

THE MULTIPLE THRESHOLD MODEL 

When an individual is subjected to a set of conditions defining a population in 
a statistical sense, a random variable, y, is assumed to arise in an underlying 
continuous scale. In this scale, there is a set of m-1 fixed thresholds defined by 
the vector t’ = (t,, t,, . . . , t,,) corresponding to m discontinuities in the observed 
scale. If t j  < y < t j + l ,  for j =O, .  . . , m-I and with to = -a and tm = *, then 
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the individual is scored as responding in the j f l t h  category. The y variable can 
be viewed as representing a linear combination of stochastically independent 
genetic and nongenetic factors, and this structure is envisaged as determining 
the probability of the character appearing. Let 

yi = p + gi + ei (1) 

be the phenotype of the ith individual in an underlying continuous scale, gi be 
its additive genetic value, and ei be an environmental deviation. Further, let 
E ( y i )  = p ,  E(gi) = E(e i )  = 0, and Cov(gi, e$)  = 0 for all i. Then u2 = U: 4- ut, 
with heritability defined as h2 = u,”/~. The model in (1) can be standardized as 

with E ( y 7 )  = 0, Var(g:) = h2 Var(ef) = 1-h2 and Cov(gt,e*) = 0. In the 
standardized scale, the vector of thresholds becomes 

If there are m possible response categories in the outward scale, for each g*, 
there is a vector G’= (el, O 2  , . . . , e,), with z Oj = 1 corresponding to the 
distribution of responses in the observed scale, i.e., O j  is the probability of the 
response in the jth category, given that g* = k,  say. Since g* and e* are 
independent: 

a, 

3 ~ 1  

0, = Prob{t*j-l < y* < t*j/g* = k }  
= Prob{t*j-l - g* < e* < t* .  3 - g*k* = k }  

= f (e*>de* - 7 f(e*>de* 
- Y j - i -  Y i  7 

t*. 3 -1 -g* t*j-g* 
(3) - 

which is written in this form to facilitate comparison with ROBERTSON’S develop- 
ments (see DEMPSTER and LERNER 1950) and where f ( e * )  is the density func- 
tion of e*. Hence, G’ = yo-yl, y1-y2 . . . , yml), with yo=l and ye, = 0, is a 
function of g*. 

In most applications, the aggregate value of a genotype in the outward scale 
can be defined as: 

(4) w% 1 a’Gi = a’Gf 4- a’Gf , 
where a is an m x 1 vector of scores or weights given to each of the possible 
response categories, and Gt and G: are vectors of additive and nonadditive 
genetic effects, respectively. We now adopt the model of DEMPSTER and LERNER 
( 1950) by letting 

w* = a + pg: + U &  , ( 5 )  

where a’Gt = a + ,8g: describes a linear relationship between the aggregate 
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additive genetic value in the outward scale and the additive genetic value in the 
underlying scale. From (4) and (5) 

(6) 

Furthermore, Cov ( a’Gi,gt) = a’Cov ( Gi,g:) and the jth element of Cov (Gi,g’) 
is given by 

(7) 

Var(a’Gt) = p‘ hz = CovZ(a’Gi,g:)/hz . 

m 

cov(0j7g*) = s ei(g*> g*f(g*)dg* 7 
- m  

where 8j is written as Oi(g*) to indicate its dependence on g* and where f(g*) 
is the density function of g*. 

The phenotypic variance in the outward scale can be obtained by defining an 
m X 1 vector of phenotypic response probabilities fl’ = (h1, fIz, . . . hm) with 
variance-covariance matrix with elements II, (I - n,), i=I . . . m, and -l&nj for 
i # j .  If phenotypes are scored as P = a k ,  where a is as before, we have 

which in the case of two response categories and with al=O, a2=1, reduces to 
II( I-II), the well-known formula for the binomial distribution. 

THE N O R M A L  CASE 

If g* and e* are normally distributed, ROBERTSON’S results (see DEMPSTZR and 
LERNER 1950) can be directly extended (using equations 3 and 7)  to obtain: 

where zi-, and zj  are the ordinates of a standard normal density function at 
points and ti corresponding to the thresholds between categories i-1 and j ,  
and i and j-l-I, respectively. From equations 6 and 9 

Wl-1 

2. a = 1  
Var(a’Gt) = h2 [. zi (ai+, - ai)12 , (10) 

which in the case of two response categories and one threshold and when 
1a2-al/ = 1,  becomes z2h2, which is the expression obtained by ROBERTSON (see 
DEMPSTER and LERNER 1950) for the additive genetic variance in the outward 
scale. The heritability in the outward scale is 

m-1 1?1. 11% 17% 

1 =1 2.=1 r r = l < ) = l  
h’=h2 [ Z zi ( ~ . i + l - a i ) ] ~ / [ , ~  @ I I ~ ( I - I I ~ ) - ~ , x  z aiaj~~IiIIIj] , (11) 

which for two response categories becomes 
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identical to the expression derived by ROBERTSON. Note that while the additive 
genetic variance in the outward scale with two categories of response in general 
depends on a, the heritability is invariant to the scoring procedure. 

THE EXPONENTIAL CASE 

Let the environmental and genetic components have density functions: 

1 
f (e*)  = - ee*/4 , e* > 0 

Ipl 

1 
P z  

f ( g * )  =-e-g*/& , g* > 0 

in which case it is possible to show that y* is not exponentially distributed and 
has density function: 

fb*) =- [o*/bv-e**/~Z] , y* > o . 
yBi-Ipp2 

From equation (3) 
t * ,-o* 

Likewise, from equations (3) and (7) 

1 1  
B z  P1 0 

00 

where (Y = - - - . From the result J g*e-OO*dg* = 1/d7 Q # 0, then 

From equations (6) and (14) we then have 

The heritability in the outward scale is 
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and when there are two response categories, equation (16)  becomes 
I 

which is not invariant to the scoring procedure, unless al = 0, and reduces to 

when al=O and a2=l. Clearly, equation (16)  depends on the threshold values, 
which in turn depend on p1 and p z  since t*j-l and t * j  must be obtained from the 
density function of y. Since in the exponential distribution Var(e*) =p," and 
Var(g*) = pi, the choice of p1 = ( 1-h2).5 and p2 = h is natural. Even in this 
case, it seems impossible to calculate the lhreshold values without knowledge of 
heritability in the underlying scale. 
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